Appendix C

PATHWAY SUMS FOR CHAIN
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To obtain the total probability of leaving the chain Cy via node « if started from node
B,i.e. ECN SS% , we must calculate the pathway sum SS% . We start with the case o = (3
and obtain Sgg Consider any path that has reached node N —1. The probability factor
due to all possible N — 1 to N recrossings is simply Ry—1 = 1/(1 — PN—1,vPn.n-1).
We need to include this factor every time we reach node N — 1 during recrossings of

N — 2 to N — 1. The corresponding sum becomes

o0

Ry_o= Z(PN—2,N—1PN—1,N—2RN—1)m

m=0
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(C.1)

Similarly, we can continue summing contributions in this way until we have recross-
ings of # to B + 1, for which the result of the nested summations is Rg = 1/(1 —
Pg 341Ps4+1 3R3+1). Hence, Rg is the total transition probability for pathways that
return to node 3 and are confined to nodes with index greater than  without escape
from Cy.

We can similarly calculate the total probability for pathways returning to 5 and
confined to nodes with indices smaller than 3. The total probability factor for recross-
ings between nodes 1 and 2 is Ly = 1/(1 — P12P,1). Hence, the required probability
for recrossings between nodes 2 and 3 including arbitrary recrossings between 1 and
21is Ly = 1/(1 — Po3P32L2). Continuing up to recrossings between nodes 8 — 1 and
G we obtain the total return probability for pathways restricted to this side of 3 as
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Lg=1/(1 —Ps_18P33-1Ls—1). The general recursive definitions of L; and R; are:

L, J=1
L =
/(1= Pj1P51L5-1), j>1,
(C.2)
L, Jj=N,
and R; =
1/(1 = Pjjt1Pjt1Rim), J<N.
We can now calculate ch as
C —
Sy = Z Z iyt (Fa-1Fs.5-1L- )" (Pags1Psi1Ra41)" "
m=0n=0
(0.]
= (Ps—1,6P35-1L5-1+ Psp11P341,5Rp11)™
m=0
_ C.3
= (1-Ps-18Ppp-1Ls-1 — Ps,pr1Pp11,8Rp+1) 7" (©:3)
B <1 Lg—1 R5—1>_
Lg R
_ LsRs
~ Lsg—LgRs+Rg’
where we have used Equation C.2 and the multinomial theorem [242].
We can now derive Sg%’ as follows. If o > § we can write
SN =8 4Poa-1Ra. (C.4)

S Nl  gives the total transition probability from 6 to a — 1, so the corresponding
probability for node « is S M) p times the branching probability from o — 1 to a,
i.e. Pya—1, times R,, which accounts for the weight accumulated from all possible
paths that leave and return to node « and are restricted to nodes with indexes greater
than a. We can now replace SS by S oW Py_1,0-2R4—1 and so on, until Sox Y is

expressed in terms of Sg%’ Similarly, if @« < 3 we have

SN = SN 4Paas1La, (C.5)
and hence
-1
S5y H PiiyiLi, o <p,
SS,% — (C.6)
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